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Abstract
The hadrodynamics of the instantaneous weak interactions (IWI) in Standard Model
is considered supposing the resonance nature of the chiral hadronization of quark cur-
rents in QCD. Exploiting this supposition and QCD symmetries the IWI mechanism of
enhancement of the K → pi transition probability is obtained and relations between elec-
troweak meson form factors and the amplitudes of the processesK+ → pi+e+e−(µ+µ−, νν¯)
and K+pi− → e+e−(µ+µ−, νν¯) are established. We estimate possible parameters of the
K+ → pi+e+e− decay rate in NA48/2 CERN experiment using the chiral perturbation
theory.
Dubna, JINR, E-2006-80
1. Introduction
The observation of kaon weak decays has been crucial for the modern theory of particle physics
[1]. It was accepted to describe weak decays in the framework of electroweak theory at the
quark QCD level including current vector boson weak interactions [2, 3]. However, a consistent
theory at large distances of QCD is not yet constructed up to now. Therefore, now the most
effective method of analysis of kaon decay physics [4, 5, 6, 7] is the chiral perturbation theory
[8, 9]. In applying this method including one-loop contributions one should however take into
account that the region of validity of the naive quantum chiral theory is only the low energy
decomposition.
The first paper on the meson form factors in chiral perturbation theory [10] revealed the
resonance nature of this chiral decomposition. Taking into account the summation of the chiral
1
series as the meson form factors in the investigation of the processes directly connected with
the K → π transition (like nonleptonic kaon decays and K+ → π+e+e−(µ+µ−, νν¯)) is the main
difference of the effective chiral Lagrangian approach applied in the present paper from other
ones cited above.
The introduction of the meson form factors in the chiral dynamics supposes that the low-
energy dynamics can be separated by the Dirac formulation of the Standard Model [11, 12,
13, 14], where all vector fields (γ,W, Z) contain instantaneous potentials in the Lorentz frames
defined by the in and out physical states considered in S- matrix as the irreducible representa-
tions of the Poincare´ group. The dominance of the instantaneous interactions in the kaon-pion
transitions differs our approach from the previous ones based on the heuristic Faddeev – Popov
approach [15, 16], where instantaneous interactions were neglected.
We suppose also that the quark content of the mesons determines hadronization of QCD
[17, 18] conserving its chiral and gauge symmetries.
These differences allow us to study the possibility of establishing connection of the cor-
responding decay probabilities with the π and K meson form factors and extracting infor-
mation about form factors of π and K mesons from the K+ → π+ transition in the K+ →
π+e+e−(µ+µ−, νν¯) and K+π− → e+e−(µ+µ−, νν¯) processes. We present the explicit forms of
the amplitudes of these processes in terms of meson form factors in the Standard Model of
electroweak (EW) interactions.
2. Chiral Bosonization of EW Interaction
We begin with the Lagrangian of EW interaction of quarks
L(J) = − e
2
√
2 sin θW
(J−µ W
+
µ + J
+
µ W
−
µ ), (1)
where J+µ = d¯
′γµ(1− γ5)u; d¯′ = d cos θC + s sin θC , θC is a Cabbibo angle sin θC = 0.223. The
quark content of π+ and K+ mesons π+ = (d¯, u), K+ = (s¯, u), K
0
= (s¯, d) leads to the effective
chiral hadron currents J±µ in the Lagrangian (1)
J±µ = [J
1
µ±iJ2µ] cos θC + [J4µ±iJ5µ] sin θC , (2)
where using the Gell-Mann matrixes λk one can define the meson current as [8]
i
∑
λkJkµ = iλ
k(V kµ −Akµ)k = F 2πeiξ∂µe−iξ, (3)
ξ = F−1π
8∑
k=1
Mkλk = F−1π


π0 +
η√
3
π+
√
2 K+
√
2
π−
√
2 −π0 + η√
3
K0
√
2
K−
√
2 K
0√
2 − 2η√
3

 . (4)
In the first orders in mesons one can write
V −µ =
√
2 [ sin θC (K
−∂µπ
0 − π0∂µK−) + cos θC (π−∂µπ0 − π0∂µπ−) ] (5)
and
A−µ =
√
2Fπ (∂
µK− sin θC + ∂
µπ− cos θC); (6)
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here Fπ ≃ 92 MeV. The right form of chiral Lagrangian of the electromagnetic interaction of
mesons can be constructed by the covariant derivative ∂µχ
± → Dµχ± ≡ (∂µ ± ieAµ)χ±, where
χ± = K±, π±.
The main idea is a consideration of the instantaneous interactions in this model (that is
associated with the Yukawa potential of massive vector bosons).
3. Instantaneous Coulomb Interaction in QED
In order to explain the main idea of describing of massive bosons, let us consider the action of
photons SQED =
∫
d4xL, where
L = −1
4
Fµν Fµν + jµAµ − ψ¯(iγ∂ +m)ψ (γ∂ = γµ∂µ), (7)
is the QED Lagrangian, Aµ is a vector potential, Fµν = ∂µAν − ∂νAµ, index µ, ν = 0, 1, 2, 3, ψ
is the electron-positron field described by the Dirac bispinor, jµ = eψ¯γµψ is the charge current,
and e is the electron charge.
The instantaneous Coulomb interaction is an attribute of the Hamiltonian formulation in
a concrete Lorentz frame in QED, because the time component of the vector field A0 has
the zero canonical momentum1 P0 = ∂L/∂(∂0A0) = 0. Therefore, Dirac [11] supposed to
consider A0 as a classical field and excluded it by the manifest resolution of the Gauss constraint
∆A0 − ∂0∂kAk = −j0 (where ∆ = ∂2j ) and the gauge transformation
A
(rad)
0 (A) = A0 + ∂0λ
(rad)(A) = A0 − ∂0 1
∆
∂k Ak, (8)
A
(rad)
l (A) = Al + ∂lλ
(rad)(A) = Al − ∂l 1
∆
∂k Ak, (9)
ψ(rad)(ψ,A) = eıeλ
(rad)(A)ψ, (10)
where λ(rad)(A) = − 1
∆
∂k Ak ≡ 14π
∫
d3y ∂k Ak(x0,yk)
|x−y|
. These gauge-invariant functionals were
called the “dressed fields”, or the “radiation variables“.
In terms of the gauge-invariant radiation variables the initial action of QED takes a form
S
(rad)
QED =
∫
d4x
[
1
2
(∂µA
(rad)
k )
2 +
1
2
j
(rad)
0
1
△j
(rad)
0 − A(rad)k j(rad)k − ψ¯(rad)(iγ∂ +M)ψ(rad)
]
. (11)
This Lagrangian contains the Coulomb instantaneous interaction forming atomic and molecular
bound states in the lowest order of the “radiation corrections” A
(rad)
k = 0. The radiation action
(11) corresponds to the propagator
Dγ,(rad)µν (q) = δµ0δν0
1
~q2
+ δµiδνj
(
δij − qiqj
~q2
)
1
q2 + iε
≡ (12)
≡ − δµν
q2 + iε
+
(q0δµ0)(q0δν0)− (qiδµi)(qjδνj)
~q2[q2 + iε]
. (13)
Recall that Faddeev [16] considered this Dirac approach (11) to QED applied by Schwinger [19]
for non-Abelian theory as the foundation of the Faddeev – Popov (FP) heuristic approach [15],
1Here A0 = Aµnµ and nµ is a unit timelike vector n
2
µ = 1 that distinguishes timelike and spacelike compo-
nents [Aµ]n = [(Aµnµ), Aν − nν(Aµnµ)]nµ=(1,0,0,0) = [A0, Ak].
3
where the instantaneous interactions disappear. Really, one can prove [16] that the last (lon-
gitudinal) term in Eq. (13) can be neglected for the class of the elementary particle scattering
amplitudes, where charge currents are conserving and satisfy the equality j0q0−jkqk = 0. How-
ever, in the case of calculation of the bound state spectrum the last term cannot be neglected,
because it gives in (12) the instantaneous singularity forming observable atoms.
Using the Lorentz transformations (proved at the level of Poincare algebra of observables
[20]) one can find the photon propagator in an arbitrary frame as follows [12],
Dγ,(rad)µν (q|n) =
nµnν
|q⊥2| −
(
δ⊥µν −
q⊥µ q
⊥
ν
|q⊥2|
)
1
q2 + iǫ
, (14)
where q⊥µ = qµ − nµ(qn), δ⊥µν = δµν − nµnν , and nµ is the timelike vector reflecting the initial
conditions defined by physical states of the quantized fields [14, 17, 18].
4. Instantaneous Interaction in SM
SM was formulated [21] on the basis of the FP heuristic approach [15] without instantaneous
interactions. Therefore, we shall use here the generalization of the fundamental radiation
variables in QED (14) to massive vector fields, described by the action,
W =
∫
d4x
[
−1
2
(∂µW
+
ν − ∂νW+µ )(∂µW−ν − ∂νW−µ ) +M2WW+µ W−µ + J−µ W+µ + J+µ W−µ
]
that considered in [13] using the manifest resolution of the Gauss equation and “dressing” all
fields by the gauge transformation with λ±(rad) = [1/(M2W −△)]∂kW±k .
The action of W-bosons in SM in terms of the radiation variables contains the instantaneous
Yukawa interaction of the currents (5) and (6) with the Hamiltonian
HYuk =
GF√
2
∫
d3xJ−0
1
M2W −△
J+0 , where
GF√
2
=
e2
8 sin2 θW
. (15)
The radiation variables lead to a propagator of type of the QED one (12)
DW,(rad)µν (q) = δµ0δν0
1
~q2 +M2W
+ δµiδνj
(
δij − qiqj
~q2 +M2W
)
1
q2 −M2W + iε
. (16)
which has no singularity in the massless limit and is well behaved for large momenta. As it
was shown in [13], the Lorentz transformations of classical radiation variables coincide with the
quantum ones and they both (quantum and classical) correspond to the transition to another
Lorentz reference frame distinguished by another time-axis, where the propagator takes the
form
DW,(rad)µν (q|n) =
nµnν
M2W + |q⊥2|
−
(
δ⊥µν −
q⊥µ q
⊥
ν
M2W + |q⊥2|
)
1
q2 −M2W + iǫ
(17)
with q⊥µ = qµ − nµ(qn), δ⊥µν = δµν − nµnν .
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5. TheK → π Transition Amplitude and the Rule ∆T = 1
2
One can estimate the K+ → π+ transition amplitude
< π+| − i
∫
dx0HYuk|K+ >= i(2π)4δ4(k − p)GEWΣ(p2), (18)
where
GEW =
sin θC cos θC
8M2W
e2
sin2 θW
≡ sin θC cos θCGF√
2
(19)
is the constant. Making the normal ordering of the π0 fields
△(~x− ~y) =< 0|πi(x)πi′(y)|0 >= δii′
∫
d3l
(2π)3
ei
~l·(~x−~y)
2Eπ(~l)
, (20)
where Eπ(~l) =
√
m2π +
~l2 is the energy of π-meson, in the product of vector currents, one can
find the expression in the lowest order of chiral perturbation theory
Σ(p2) = 2p20
[
F 2π
M2W
+
1
(2π)3
∫
d3l
2Eπ(~l)
1
M2W +
~l2
]
≡ 2p20
F 2π
M2W
g8; (21)
here
g8 = 1 +
M2W
F 2π (2π)
3
∫
d3l
2Eπ(~l)
1
M2W +
~l2
(22)
is the parameter of the enhancement of the probability of K+ → π+ transition. In the low-
energy chiral perturbation theory [10], the summation of the chiral series can be parameterized
by the meson form factors fVKπW (−~l2) and fVππW (−~l2) [4, 6, 7].
Finally, the instantaneous interaction can give the result
g8 = 1 +
M2W
F 2π (2π)
3
∫
d3l
2Eπ(~l)
fVKπW (
~−l2)fVππW (−~l2)
M2W +
~l2
, (23)
where g8 = 5.1 [5]. The relation (23), can be considered as the low-energy sum rule for meson
form factors in the space-like region.
This result shows that the simultaneous vector interaction can increase the axial interaction
K+ → π+ transition in g8 times and give a new term describing the K0 → π0 transition
proportional to g8 − 1.
Using the covariant perturbation theory [22]2 and relativistic invariance (J20 → J2µ) one can
calculate this enhancement in terms of currents as the effective Lagrangians [23]
L(∆T= 1
2
) =
GF√
2
g8 cos θC sin θC
[
(J1µ + iJ
2
µ)(J
4
µ − iJ5µ)− (J3µ +
1√
3
J8µ)(J
6
µ − iJ7µ) + h.c.
]
, (24)
L(∆T= 3
2
) =
GF√
2
cos θC sin θC
[
(J3µ +
1√
3
J8µ)(J
6
µ − iJ7µ) + h.c.
]
(25)
in satisfactory agreement with experimental data within the accuracy 20÷ 30% [8, 23].
2The covariant perturbation theory was developed as the series Jk0 (γ⊕ ξ) = Jk0 (ξ) +F 2pi∂0γk + γifijkJj0 (ξ) +
O(γ2) with respect to quantum fields γ added to ξ as the product eiγeiξ ≡ ei(γ⊕ξ) [22].
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(a)
K+(k) π+(k) π+(p)W+(k)
γ∗(q) (b)
K+(k) W+(p) π+(p)K+(p)
γ∗(q)
(c)
K+(k) W+(k) π+(p)
γ∗(q) (d)
K+(k) W+(p) π+(p)
γ∗(q)
Fig. 1: Axial current contribution
6. The K+ → π+ + l + l¯ amplitude
The result of calculation of the axial contributions to the amplitude of the process K+ →
π++ l+ l¯ within the framework of chiral Lagrangian (1), (3) including phenomenological meson
form factors shown in Fig. 1 as a fat dot takes the form
TAA(K+ → π + l+l−) = 2eGEWLνDγ(rad)µν (q)(kµ + pµ) tAA(q2, k2, p2), (26)
where GEW is the constant (19), Lµ = l¯γµl is leptonic current,
tAA(q2, k2, p2) = F 2π
[
fVπ (q
2)k2
m2π − k2 − iǫ
+
fVK (q
2)p2
M2K − p2 − iǫ
+
fAK(q
2) + fAπ (q
2)
2
]
, (27)
and f
(A,V )
π,K (q
2) are meson form factors. In this expression the propagator D
W,(rad)
µν (p|n) given by
Eq. (17) keeps only the Yukawa potential part
pµpν
p2M2W
.
On the mass-shell the sum (27) takes the form
tAA(q2,M2K , m
2
π) = (28)
= t(q2) = F 2π
[
fAK(q
2) + fAπ (q
2)
2
− fVπ (q2) + [fVK (q2)− fVπ (q2)]
m2π
M2K −m2π
]
.
As can be seen in [4, 5], the amplitude for K+ → π++ l+ l¯ vanishes at the tree level, where
form factors are equal to unit t(q2)|fV =fA=1 = 0. It is well known that these form factors in
the limit q2 → 0 take the form fA,Vπ,K (q2) = 1 − q
2
6
< r2 >
(A,V )
π,K , where < r
2 >
(A,V )
π,K are the axial
and vector mean square radii of mesons, respectively, in agreement with the chiral perturbation
theory [4, 8, 10].
The result of calculation of vector contributions to the amplitude of the process K+ →
π++ l+ l¯ within the framework of chiral Lagrangian (1), (3) including phenomenological meson
form factors shown in Fig. 2 as a fat dot takes the form
T V V (rad)(K+ → π + l+l−) = 2eGEWLνDγ(rad)µν (q)(kµ + pµ) tV V (q2, k2, p2), (29)
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(a)
K+(k) π+(k)
π0(k + l)
π+(p)W+(−l)
γ∗(q) (b)
K+(k)
π0(p+ l)
W+(−l) π+(p)K+(p)
γ∗(q)
(c)
K+(k)
π0(k + l)
W+(−l) π+(p)
γ∗(q) (d)
K+(k)
π0(p+ l)
W+(−l) π+(p)
γ∗(q)
Fig. 2: Vector current contribution
where
tV V (q2, k2, p2) =
1
2(2π)2
∫
d|~l| ~l2
Eπ(~l)
{
fVKπW (
~l2)fVππW (
~l2)
[
fVπ (q
2)k2
m2π − k2 − iǫ
+
+
fVK (q
2)p2
M2K − p2 − iǫ
]
+
fAπ (q
2)fVKπW (
~l2)fVππWγ(
~l2) + fAK(q
2)fVππW (
~l2)fVKπWγ(
~l2)
2
}
;
here fVππWγ(
~l2), fVKπWγ(
~l2) are the four particle interaction form factors which should coincide
with the three particle interaction form factors fVππWγ = f
V
ππW , f
V
KπWγ = f
V
KπW in accordance
with the gauge invariance of the strong interactions.
Using the result (22) one can write on the mass shell k2 =M2K , p
2 = m2π:
tV V (q2,M2K , m
2
π) = (g8 − 1)t(q2), (30)
tAA(q2,M2K , m
2
π) + t
V V (q2,M2K , m
2
π) = g8 t(q
2), (31)
where g8, t(q
2) are given by Eqs. (22) and (28), respectively.
Finally, the result of calculation of axial and vector contributions to the amplitude of the
process K+ → π+ + l + l¯ within the framework of chiral Lagrangian (2),(5) including phe-
nomenological meson form factors takes the form
T
(rad)
(K+→π+l+l−) = 2eg8GEWLνD
γ(rad)
µν (q)(kµ + pµ) t(q
2). (32)
This amplitude leads to the total decay rate for the transition K+ → π+e+e−
Γ(K+→π+e+e−)((MK −mπ)2) = Γe+e−
(MK−mpi)
2∫
4m2e
dq2
M2K
ρ(q2)F (q2), (33)
where
Γe+e− =
(s1c1c3)
2g28G
2
F
(4π)4
α2M5K
24π
|g8=5.1 = 1.37× 10−22GeV, (34)
7
F (q2) =
[
(4π)2t(q2)
q2
]2
=
=
[
(4πFπ)
2
q2
]2 [
fAK(q
2) + fAπ (q
2)
2
− fVπ (q2) + [fVK (q2)− fVπ (q2)]
m2π
M2K −m2π
,
]2
(35)
and
ρ(q2) =
(
1− 4m
2
l
q2
)1/2
×
(
1 +
2m2l
q2
)
λ3/2(1, q2/M2K , m
2
π/M
2
K);
here λ(a, b, c) = a2+b2+c2−2(ab+bc+ca), s1c1c3 is the product of Cabibbo-Kobayashi-Maskawa
matrix elements VudVus.
The mechanism of enhancement |∆T | = 1
2
considered in this paper can be generalized to a
description of other processes including K+ → π+νν¯ by replacing the γ-propagator by the Z-
boson one, so that we have the relations[
q2
(4πFπ)2
]2
M2K
ρ(q2)Γe+e−
dΓ(K+→π+e+e−)(q
2)
dq2
=
=
[
M2Z
(4πFπ)2
]2
M2K
ρ(q2)Γνν¯
dΓ(K+→π+νν¯)(q
2)
dq2
=
=
[
fAK(q
2)+fAπ (q
2)
2
− fVπ (q2) + [fVK (q2)− fVπ (q2)]
m2π
M2K −m2π
]2
. (36)
Thus, exploiting the instantaneous weak interaction mechanism of enhancement in the K → π
transition probability and QCD symmetry we derive the sum rule of EW vector meson form
factors given by Eqs. (22), (28), (33) and their relation to the differential K → πe+e− decay
rate (36).
6.1. The form factor probe of the differential K → πe+e− decay rate
The estimation of the meson loop contribution was made in [5] where a function φˆ2(q2) was
used instead of the form factor rate F (q2) (35)
F (q2) =⇒ φˆ2(q2)
It was shown that the values g8 = 5.1, φˆ(0) = 1 gave the total decay rate Γ(K+→π+e+e−) =
1.91 × 10−23 GeV in the satisfactory agreement with the experimental data Γ(K+→π+e+e−) =
1.44± 0.27× 10−23 GeV [24, 25]. However, the main contribution goes from the baryon loops
[4, 6, 7]. Therefore, we discuss here the value of the differential K → πe+e− decay rate (35)
in the chiral perturbation theory [8, 10] where both the pion loop contribution Ππ and baryon
ones lead to the meson form factors and resonances [4, 10] in the Pade´-type approximation
fVπ (q
2) = 1 +M−2ρ q
2 + α0Ππ(q
2) + ... ≃ 1
1−M−2ρ q2 − α0Ππ(q2)
(37)
fAπ (q
2) ≃ fAK(q2) = 1 +M−2a q2 + ... ≃
1
1−M−2a q2
(38)
where
α0 =
m2π
(4πFπ)2
4
3
≃ 2
103
, (39)
8
Ππ(t) = (1− t¯)
(
1
t¯
− 1
)1/2
arctan
(
t¯1/2
(1− t¯)1/2
)
− 1; 0 < t < (2mπ)2 (40)
Ππ(t) =
t¯− 1
2
(
1− 1
t¯
)1/2{
iπ − log t¯
1/2 + (t¯− 1)1/2
t¯1/2 − (t¯− 1)1/2
}
+ 1; (2mπ)
2 < t (41)
is the pion loop contribution [8, 10], and Mρ = 771 MeV and Ma = 980 MeV are the values of
resonance masses [24] that can be determined by the baryon loops [4, 6, 7, 10].
The constant approximation of the type of [5]
F (q2 = 0) = F (0) = (4πFπ)
4 [f
A
π (q
2)− fVπ (q2)]2
(q2)2
|q2=0 = (4πFπ)4[M−2ρ −M−2a ]2 = 0.74 (42)
corresponds to the value of Γ(K+→π+e+e−) = 1.41 × 10−23 GeV in satisfactory agreement with
the experimental data Γ(K+→π+e+e−) = 1.44± 0.27× 10−23 GeV [24, 25].
The form factors (37) and (38) below the two particle threshold q2 < 4m2π determines the
differential rate F (q2) as a function of q2
F (q2) =
F (0)
[1−M−2ρ q2]2[1−M−2a q2]2
−→ d
dq2
logF (q2)|q2=0 ≃ 2[M−2ρ +M−2a ] ≃ 5GeV−2 (43)
At the region above the two particle threshold 4m2π < q
2 < (MK −mπ)2 there is a jump of the
differential rate F (q2) at the level of 5÷ 10 %
F (q2) = (4πFπ)
4
[M−2ρ −M−2a ]2 + α20π2(q2 − 4m2π)/(4q6)
[1−M−2ρ q2]2[1−M−2a q2]2
(44)
These results (42), (43), and (44) are arguments that the detailed investigation of the
differential K → πe+e− decay rate in the NA48/2 CERN experiment can give us information
about the meson form factors. To make much more realistic analysis, we have to use the unitary
and analytic model for meson form factors [26] describing very well all experimental data.
Conclusion
We have seen that experimental data testify to that the kaon-pion transition can be obtained,
in SM model, by the normal ordering of the pion field in the instantaneous interaction (15)
as one of the indispensable attributes of the Dirac approach to SM [14]. This interaction can
explain the rule △T = 1/2 in the nonleptonic kaon decays in the lowest order of the “radiation
corrections”. Paraphrasing Lord Eddington: “A proton yesterday and electron today do not
make an atom” [27] one can say that “A kaon yesterday and pion today do not make a weak
K → π transition” [2, 3]. The dominance of the instantaneous interaction of massive vector
boson time components justifies the application of the chiral perturbation theory leading to
meson form factors [8, 10]. Exploiting the instantaneous weak interaction (IWI) mechanism of
enhancement in the K → π transition probability and QCD symmetry we derive the relation
between meson form factors and the differential semileptonic decay rates (36). These relations
allow us to estimate parameters of K → πe+e− decay rate in the NA48/2 CERN experiment.
These results show us that the Dirac Hamiltonian formulation [13] of Standard Model can
reveal new physical effects in the comparison with its FP heuristic version [21] used now for the
describing observational data. Therefore, the problem of such the formulation becomes topical
in the light of the future precision experiments.
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